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Introduction
Many practical applications of robust feedback control involve constant real paraneter uncertainty, whereas small pin or normbounding techniques guarantee robust stability against complex, frequency-dependent uncertainty, thus entailing undue conservatism.
Since conventional Lyapunov bounding techniques guarantee stability with respect to time-varying perturbations, they possess a similar drawback. This is simply due to the fact that time-varying parameter variations can destabilize a system even when the parameter variations are confined to a region in which constant variations are nondestabilizing. Consequently, a feedback controler designed for time-varying parameter variations will unnecessarily sacrifice performance when the uncertain real parameters are actually constant.
In a recent paper (Haddad and Bernstein, 1991) a framework for parameter-dependent Lyapunov functions, a less conservative refinement of 'fixed" Lyapunov functions, was developed for continuoustime systems. It was further shown by Haddad and Bernstein (1991) that this framework provides a reinterpretation of the classical Popov criterion as a parameter-dependent Lyapunov function for constant linear parameter uncertainty.
The main contribution of the present paper is to extend the results of Haddad and Bernstein (1991) to the discrete-time setting. To do this, consider the asymptotically stable linear system x(k + 1) = Az(k),
(1.1) with quadratic I -xpunov function V(X) = XTPX, (1.2) where the positive-definite matrix P is given by the Lyapunov equation P = ATPA + R, (1.3) where R is positive definite. In order to address additive disturbances for a system of the form (1.4) r(k + 1) = Ax(k) +uk), we shall utilize the dual equation Q = AQAr + V in which A is replaced by AT (which has the same spectrum as A) and where V is interpreted as the covariance of the disturbance w'. In (1.5), the matrix Q can be viewed as a controiability Gramian or covaiance matrix with associated quadratic (H2) performance measure J=trQR=trPV.
(1.6) Now suppose A is uncertain with additive uncertainty so that (1.1) is replaced by 4(k + 1) = (A + AA)z(k), (1) (2) (3) (4) (5) (6) (7) where AA E U, a set of perturbations. To Thus tr PV provides a worst-case bound for the actual H2 performance tr PAAV.
Since the ordering induced by the cone of nonnegative-definite matrices is only a partial ordering, it should not be expected that there exists an operator Q(-) satisfying (1.9) that is a least upper bound. Indeed, there are many alternative definitions for the bound fQ(.). One such 0 -bound has been recently developed by Haddad et. al. (1992) and forms the basis for discrete-time bounded real or Ho: theory (Haddad and Bernstein, 1992c, and Haddad et. al., ilthough not immediately evident, a serious defect of Lyapunov bounding theory is the fact that stability is guaranteed even if AA is a function of k. This observation folows from the fact that the Lyapunov difference AV(z(k)) need only be negative for each fired value of k. Althouigh ths feature is desirable if AA is time varying, as discussed above, it leads to conservatism when AA is actually constant.
To demonstrate parameter-dependent Lyapunov functio-ns for the discrete-time case in a manner consistent with the above discussion of f-bounds, we consider the Lyapunov function V(x, AA) = rT(P + Po(AA))x, (1.12) where the (parameter-independent) matrix P satisfies (1.5) P= ATPA + Qo(P) + R (1.13) and Po(AA) is a specified function such that P+Po(zA) is positive definite for all AA E U. In contrast with the 0-bound in (1.9), however, 2o(P) is not assumed to satisfy (1.9) but rather the more involved condition ATPAA + AATPA + jAr1r PAA < Qo( P) and al nonnegative-definite P. Note that if Po(AA) is identically zero, then (1.14) specializes to (1.9). The idea behinid (1.14) is that although Do(P) alone is i nsuffci ent to bound AT1PAI+,AATPA + AATPAA, the additional terms "assist" in forming a bound. To see this, let QS(P, ZA) dr iote the nrght hand side of (1.14) which can be viewed as a pazm eter-dp en -bound. Then (1.13) can be written as P + Po(AA) = (A + AA)T(P + Po(AA))(A + AA) + W(P, AA) (ATPAA +AATPA + ATPJA) + R, which implies that A + AA is stable for all AA E U.
For practical purposes the form of the parameter-dependent Lyapunov function V(x,AA) is critical since the presence of AA severely restricts the allowable time-varying uncertain parameters.
Tlhat is, if AA(LA) were permitted, then terms involving AA(k + 1)-AA(k) might subvert the negative definiteness of AV(r, AA).
The main contribution of the present paper is to provide a general framework for discrete-time parameter-dependent 0-bounds and parameter-dependent Lyapunov functions and recognize the fact that the classical discrete-time Popov criterion (Szego, 1963; Szego and Pearson, 1964; Jury and Lee, 1964a; and Pearson and Gibson, 1964 To consider the problem of robust performance, introduce an external disturbance model involving discrete-time white noise signals as in standard LQG (H2) theory. The robust performance problem concerns the worst-case I12 norm, that is, the worst-case (over U) of the expected value of a quadratic form involving outputs z(k) = Ez(k), where E E R9xe, when the system is subjected to a standard white noise disturbance w(k) E Rd with weighting D E Rnxd Robust Performance Problem. For the disturbed linear system which involves the H2 norm of the impulse response of (2.2), (2.3).
In the present paper our approach is to obtain robust stability as a consequence of sufficient conditions for robust performance. Such conditions are developed in the following sections. 3. Robust Stability and Performance Via Parameter-Dependent Lyapunov Functions
As mentioned in the introduction, the k-ey step in obtainiing robust stability and performance is to bound the uncertain terms AATPAAA + ATPAAAA + AATPAAAA in the Lyapunov equation (2.9) by means of a parameter-dependent bounding function Q2(P, AA) which guarantees robust stability by means of a family of Lyapunov functions. This corresponds to the construction of a parameter-dependent Lyapunov function. As discussed in the introduction, a key aspect of this approach is the fact that it severely constrains the class of allowable time-varying uncertainities. The following easily proved result is fiundamental and forms the basis for all later developments. and such that P + Po(AA) is nonnegative definite for all AA E U. (3.9) Note that with Q(P, AA) defined by (3.12), condition (3.1) can be written as AATPA+ ATPAA +AATPAA < R(P,AA), AA E U, P XN, (3.1, where S(P,AA) is a function of the uncertain parameters a}.
For convenience we shall say that Q(., ) is a paraneter-dependent bounding function or, to be consistent with Bernstein and Haddad (1990) a parameter-dependent fl-bound. One can recover the standard guaranteed cost bound or parameter-independent Q-bound as developed in Haddad et. al. (1992) by setting Po(JA) O0 so that ((P,AA) = 9o(P) and therefore AATPA + ATPAA + AATPAA < f2o(P) for all AA E U. Finally, since we do not assume that Po0() = 0, flo(P) need not be nonnegative definite. If, however, Po(O) = 0, then no(P) > 0 for all nonnegative-definite P. As in the continuous-time case (Haddad and Bernstein, 1991b, 1992a) and where Bo E Rnx,0,Co E RIO°XU are fixed matrices denoting the structure of the uncertainty and M is a given mo x mo invertible matrix. Note we do not exclude the possibility that 3 is equal to 3. However, for flexibility 3 may be a specified proper subset of the right hand side of (4.2). Next, we digress sUghtly to provide simplified characterizations of the set 3. Define the subset 3'o of 3' by o= {FFT: det(I-M-1F)00}. In the special case that M is positive definite, it follows from Lemma 4.1 of Haddad and Bernstein (1991a, 1992b ) that the conditon det(I + FM-') $ 0 in the definition of 3o is automatically satisfied. In this case we have the following norm bound inequality on F. Po(F)= COFT NCo.
(4.11) satisfy (3.1) with U given by (4.1).
Next, using Theorem 3.1 and Proposition 4.2 we have the following immediate result. Next, we establish connections between the parameter-dependent bounding function formed from (4.10) and the classical discretetime Popov criterion (Szego, 1963; Tsypkin, 1964; Szego and Pearson, 1964; Pearson and Gibson, 1964; Jury and Lee, 1964; Narendra and Cho, 1968; and Siljak and Sun, 1971) . Furthermore, by exploiting results from positivity theory it is possible to guarantee the existence of a positive-definite solution to (4.13). First, however, we present additional notation and definitions and review the wel-known discrete-time positive real lemma used to characterize positive realness in the state-space setting (Ilitz and Anderson, 1969) there exists an n x n matrix P > 0 satisfying (4.13). Conversely, if there exists P > 0 satisfying (4.9) and (4.13) for all R > 0, then A is asymptotically stable and G(z) is discrete-time strongly positive real. rtro Traditionally, the classical discrete-time Popov criterion is stated for sector-bounded slope-restricted time-invariant memoryless nonlinearities. Next, we show that Theorem 4.1 is a generalization of the discrete-time Popov criterion, as proposed by Szego (1963) , Jury and Lee (1964a) and Pearson and Gibson (1964) , for the case in which the sector-bounded nonlinearity represents linear parameter ancertainty. To do this we first provide a self-contained proof of the generalization of the discrete-time multivariable Popov criterion to a diagonal nonlinearity structure. Specifically, we define the set * characterizing a class of sector-bounded slope-restricted timeinvariant nonlinearities. Let M E Rmoxmo be a given positivedefinite matrix and define where AA E U and U is defined by In this section we consider alternative constractions of parameterdependent 0-bonds. The novel aspect of the development in this section is the fact that the 0-bound considered suggests a new frequency domain stability criterion for the absolute stability of a discrete-time linear time-invariant plant with a loop nonlinearity.
Proposition 5.1. Let N E R0"OMMO be such that t and N are compatible, and let N denote the set of P E N" such that 2M-' -BCTpCoBo -BTPBQ >0. LCo | If A is asymptotically stable and G(wh) Cisds(e) 9 time stronjy positive real, then there exists an n x n matrix P satisfying 5.5) and, furthermore, P > 0. Conversely, if there exists P > satisfying (5.1) and (5.5) for al R > 0, then A is asymptotically stable and C(z) is discrete-time strongly positive real.
Next, we show that the parameter-dependent fl-bound construction given by ($6.2) 
